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ABSTRACT 
Various results are derived about the adjacency matrix of a tournament; in particular, 
it is shown that if a tournament Tn is irreducible and n ~> 5, then its matrix is primitive 
with exponent at most n -t- 2. 
1. INTRODUCTION 
A square matrix M with non-negative lements is primitive if M t has 
only positive elements for some integer t. I f  M is primitive, then the 
smallest integer e such that M e has only positive elements is the exponent 
of M. In what follows we shall consider only n by n matrices Mn of zeros 
and ones and Boolean arithmetic will be used in calculating powers of 
matrices Mn 9 
The directed graph D~ defined by a matrix Mn consists of n nodes > 
P l ,  P~ ,..., Pn such that an arc pipj goes from Pi to pj if and only if the (i, j) 
entry of Mn is one. A tournament Tn is a directed graph D, such that each 
> 
pair of distinct nodes p~ and pj is joined by exactly one of the arcs PiP~ or 
p~-~ and no node is joined to itself by an arc. A tournament matrix Mn is a 
matrix that defines a tournament T~ ; notice that a tournament matrix 
satisfies the equation 
Mn+M~r-=Jn - - In ,  
where jn is the matrix of ones and In is the identity matrix. Certain struc- 
tural properties of tournament matrices have been investigated by Ryser 
[13]. 
A well-known result due to Wielandt [15] states that, if the primitive 
matrix Mn has exponent e, then e ~< (n -- 1) 3 + 1. 
Properties of directed graphs have been exploited in several recent 
papers to obtain other results on primitive matrices and their exponents 
(see, e.g., Heap and Lynn [7], Dulmage and Mendelsohn [4], and the 
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references contained therein). Most of these results, however, are un- 
necessarily weak or complicated when applied to tournament matrices. 
The object in this paper is to develop some properties of the powers of 
tournament matrices by as direct and straightforward arguments as 
possible. It is hoped that this will provide some insight into the structure 
of tournaments as well as illustrating the types of arguments that are used 
to treat more general classes of matrices. 
We remark that Dulmage and Mendelsohn [2] have obtained some 
results on the exponents of another special class of matrices, namely, 
incidence matrices of (v, k, A) designs. 
2. SUMMARY 
A path P(a, m) in a tournament is a collection of arcs of the form 
a-b, b--~,..., ~m. I f  a = m, then we have a cycle P(a, a). This cycle is simple 
if the nodes a, b, c,..., l are distinct; a simple path is defined analogously. 
The length of a path or cycle is the number of arcs it contains. Notice that 
the (i, j) entry in the r-th power of a tournament matrix is non-zero if and 
only if there exists a path P(p~, p~) of length r in the corresponding tourna- 
ment. 
A tournament is reducible if its nodes can be partitioned into two non- 
empty sets A and B such that every arc joining a node in A and a node in 
B is oriented toward the node in B; otherwise, the tournament is irreducible. 
It is well known and easy to prove (cf. [12]) that a tournament is irredu- 
cible if and only if it is strongly connected, i.e., if and only if for every pair 
of distinct nodes p and q there exist paths P(p, q) and P(q, p). It is easy 
to determine whether a tournament T,~ is irreducible. I f  (sl, s2 ,..., s,) is 
the score vector of T, where si denotes the number of arcs oriented away 
from the node Pi and if we assume that Sl ~< s2 ~< "'" ~< s , ,  then T, is 
reducible if and only if 
i=l  
for some positive integer k less then n. 
Harary and Moser (cf. [5] and [6]) have shown that an irreducible 
tournament T~ contains at least one simple cycle of each length between 
3 and n. We shall need the following slightly stronger esult that can be 
proved in essentially the same way. 
THEOREM 0. Each node of an irreducible tournament T, ,  when n >/ 3, 
is contained in at least one simple cycle of each length between 3 and n, 
inclusive. 
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I f  a tournament matrix has a certain property, e.g., if it is primitive, 
then we shall say that the tournament i defines also has that property. 
THEOREM 1. A tournament T,~ is primitive if  and only if n ) 4 and 
T, is irreducible. 
The diameter of a strongly connected tournament Tn is the least integer 
d such that for every ordered pair of nodes p and q of Tn there exists a 
path P(p, q) of length at most d. 
THEOREM 2. I f  Tn , where n ~ 5, is an irreducible tournament with 
diameter d and exponent e, then d ~ e ~ d + 3. 
COROLLARY. I f  Tn, where n ~ 5, is an irreducible tournament with 
exponent e, then 3 ~ e <~ n § 2. 
Dulmage and Mendelsohn [3] have shown that there are gaps in the 
exponent set of primitive matrices Mn,  i.e., that not every integer between 1
and (n -- 1) 2 -q- 1 can be realized as the exponent of a primitive matrix Mn 
in general. There is essentially only one irreducible tournament 7"4 (see 
Fig. 1) and it has exponent 9. 
3 
! 
M= 0 1 MS= 1 1 M9= j. 
0 0 ..... 1 1 ' 
1 0 1 1 
FIGURE 1. The irreducible tournament  7"4 and the powers of  its matr ix M. 
There are six structurally different irreducible tournaments T5 (cf. 
Davis [1]) and they realize the exponents 4, 6, and 7. There are no gaps, 
however, in the exponent set of larger primitive tournaments. 
THEOREM 3. / f  3 ~< e ~< n § 2, where n ~ 6, then there exists an 
irreducible tournament T,~ with exponent e. 
The index (of maximum density) of a matrix M is the smallest integer k 
such that the number of non-zero entries in M k is maximized (see Heap 
and Lynn [9] and Pullman [11]). Notice that if M is primitive, then its 
exponent and index are equal. 
A tournament T,~ is transitive if its nodes can be labeled in such a way 
that the arc PiPj is in T,, if and only if 1 ~< i < j ~ n. (Notice that any 
transitive tournament has index 1.) It is not difficult to see that any 
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tournament T~ has a canonical decomposit ion into subtournaments 
T (~ i = 1, 2 ..... l, such that 
(a) an arc goes from each node of  T (i) to each node of  T (j) if 
l <~ i< j~ l .  
(b) every subtournament T (i) is either irreducible or transitive, 
(c) no two consecutive subtournaments T (i) and T (i+1) are both transi- 
tive. 
When Tn is itself irreducible or transitive then l = 1 and T~ = T (1). 
I f  M and Mi denote the matrices of  the tournaments Tn and T (i~, let 
k = index (M) and k~ = index (Ms). 
THEOREM 4. k ~<max(k i : i=  1 ,2 . . , l ) .  
Strict equality will hold in this result if  none of  the transitive sub- 
tournaments T (~) have two or more nodes. 
COROLLARY. If'r] denotes the maximum number of nodes in any of the 
irreducible subtournaments subtournaments T (i}, then 
t 1 ~<~3, 9  = 4, 
k ~ max (~/ q- 2, 9) if ~/ >4,  
n+2 ~/~7.  
Since we are using Boolean arithmetic there are only finitely many 
distinct matrices among the powers of  a given matrix M of  zeros and ones. 
The index of convergence and period of M are (see [8]) the smallest positive 
integers~, z ~,(M)and p = p(M) such that Mr  +p = Mr. I f  M is primitive, 
then y equals the exponent and the index of M and p = 1; if M is the 
matrix of  a transitive tournament Tn, then ~, = n and p = 1 ; if M is the 
matrix of  the irreducible tournament T3, theny = 1 and p = 3. 
Let ~ denote the number of nodes in the largest transit ive subtourna- 
ment T ~j) in the decomposit ion of  T~, and/3 denote the largest index of the 
non-transitive subtournaments T (i). (We let ~ or/3 be zero if they would 
not be defined otherwise.) 
THEOREM 5. I f  M is the matrix of the tournament Tn , then 
y(M) = max (~, fi) ~ n -k 2 
and 
3 if some irreducible subtournament T (i) has 
p(M) -- three nodes, 
1 otherwise. \ 
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The following result is analogous to Theorem 3. 
THEOREM 6. I f  1 ~ k ~ n -k 2 where n >/ 16, then there exists a 
tournament T~ with index k. 
3. PROOF OF THEOREMS 1 AND 2 
It is not difficult to see that the exponent of a primitive tournament T, 
is the least integer e such that for every ordered pair of nodes p and q of T, 
there exists a path P(p, q) of length e. If a tournament is primitive then it 
must be irreducible, for otherwise there are nodes p and q such that no 
path P(p, q) exists of any length. Furthermore, if a tournament is irredu- 
cible and primitive then its exponent e must be at least as large as its 
diameter d for there exist nodes p and q such that no path P(p, q) exists of 
any length less than d. 
There is essentially one irreducible tournament T3, a 3-cycle consisting 
h ~ --~ --~ " of t e nodes p, q, and r and the arcs pq, qr, and rp. It is not primitive, 
however, since for any non-negative integer e there is no path P(p, q) 
of length e unless e ~ 1 (mod 3) and in that case there is no path P(p, r) of 
length e. We have already mentioned that the one irreducible tournament 
T 4 is primitive. Consequently, to complete the proof of the non-trivial 
parts of Theorems 1 and 2 we need only show for any ordered pair of 
nodes p and q of an irreducible tournament T , ,  where n >/ 5, that there 
exists a path P(p, q) of length d § 3. 
Since T~ is irreducible and n ~= 1 it follows that there exists at least one 
path P(p, q). Let P'(p, q) be the shortest such path and let l denote its 
length. Then 
3 <~ d- -  l + 3 <~ n -? 2, 
since 0~< l~< d~<n- -  1. I f  3 ~<d- - l -k3  ~n,  then according to 
Theorem 0 there exists a simple cycle PI(P, P) of length d -- l + 3. But 
then the path 
P(P, q) -- PI(P, P) + P'(P, q) 
has length d + 3, as required. If d - -  l + 3 = n + h where h = 1 or 2, 
then 3 ~< n § h -- 3 ~ n -- 1 since n ~> 5. Hence, by Theorem 0, there 
exist simple cycles P~(p, p) and P3(.P, P) of lengths 3 and n + h -- 3. Then 
the path 
P(P, q) = P2(P, P) -k P3(P, P) q- P'(P, q) 
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has length 3 + (n + h -- 3) + l = d q- 3. This suffices to complete the 
proofs of Theorems 1 and 2. 
The corollary follows from the observation that 3 ~< d <~ n --  1. We 
leave it as an exercise for the reader to show that if n /> 5 then the expo- 
nent e of an irreducible tournament T, satisfies the inequality 
e ~< 5 q- sn -- s~, where sl and s~ are the smallest and the largest scores of 
the nodes of T , .  
Theorem 1 was apparently first stated by Thompson [14]. 
4. PROOF OF THEOREM 3 
Let n and k be integers uch that 3 ~< k ~< n --  1 and n ~> 6. Consider 
the tournament T~ defined on the nodes P l ,  P2 ..... p ,  as follows: The 
arcs PaP,~, PnP,~-x ..... PsP , ,  P~Pl are in T, and so are the arcs p~p, if 
k ~ i < j <~ n; the arcs not yet specified are all oriented toward the 
node with the larger subscript. This tournament contains a simple cycle of 
length n so it is irreducible and hence primitive. 
I f  k >/3  then the diameter of T, is k. (If the reader sketches the tourna- 
ment T , ,  the reasons for this and subsequent statements should become 
apparent.) The exponent of T~ is not k or k -q- 1, however, since there are 
no paths P(Pk, Pa) of these lengths; neither is the exponent k + 2, since 
there is no path P(Pk+I, Pl) of this length. Therefore, the exponent of 
T, is k -t- 3 by Theorem 2. This construction shows that, if 6 ~< e ~< n q- 2 
and n >/6,  then there exists a tournament T, with exponent e. 
I f  k = 2 or 3, let T,~ differ from the tournament T, just constructed in 
that the arc joining Pk+l and p,  is oriented toward p , .  A simple and direct 
argument shows that T,~ has exponent k + 2. To complete the proof of 
Theorem 3 we need only show that there exist tournaments T, with 
exponent 3 if n >/ 6. I f  n = 6 let T, be the tournament whose matrix is [il000ij 0 0 1 0 
1 0 0 1 " 
0 1 0 0 
1 1 1 0 
I f  n > 6 let T~ be the tournament containing the arc PiPs if and only if 
0 < j --  i <~ [89 n], where the subtraction is modulo n or n -k 1 according 
as n is odd or even. It is easy to show that these tournaments all have 
exponent 3 and this completes the proof of the theorem. 
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5. PROOF OF THEOREM 4 
We may suppose that the matrix of T~ has the form 1] 
M= M2 
M~ 
where the entries above and below the diagonal blocks are ones and 
zeros, respectively. Then, 
M s = M~t , (1) 
M~ s 
for t = 1, 2,.... 
Let [ B [ denote the number of non-zero entries in the matrix B and let 
J = { j :  T tj) is transitive}. 
Then it follows that 
IMSl = ~ Im?l + E [M,S[ +K 
J~d i61 
where the constant K denotes the number of ones above the diagonal blocks 
of M. 
I f  m =max(k i : i=  1,2 ..... / ) , then [M~ ~l ~< fM/~[  for all i r  if 
t />  1, since every subtournament T t~), i ~ J, is either primitive or a 
3-cycle. Also, ] Mj ~ ] ~< [ Mj ~ [ for a l l j  e J i f t  >~ m, since [ M~ +1 [ ~< [ M~S[ 
for a l l j  ~ J if t >/ 1. Therefore, [ M s [ ~< [ M ~ [ if t >~ m and the theorem 
is proved. 
The corollary follows f rom the corollary to Theorem 2 and the facts 
that the irreducible tournaments T1, T3, and T4 have index 1, 1, and 9. 
6. PROOF OF THEOREMS 5 AND 6 
It follows f rom (1) that 
y(M) ----- max (y(M,): i = 1, 2,..., l). 
MOON AND PULLMAN 
This suffices to establish the first part of  Theorem 5 since 
= max (7(Mj):j ~ J) 
and 
/3 = max (ki: i • J)  = max (~(Mi): i r J). 
The second part of  the theorem is obvious. 
We mentioned earlier that any transitive tournament T, has index 1. 
Therefore, in view of Theorem 3, to complete the proof  of  Theorem 6 we 
need only exhibit a tournament Tn with index 2 if n >~ 16. 
I f  n ~ 16, let n = 3h § r, where r = 16, 17, or 18 andh is a non- 
negative integer. Let T, be the tournament which can be decomposed, in the 
manner described earlier, into the subtournments T ~), i = 1, 2,..., h + 2, 
where T ~1) is the transitive tournament T,_7, T c2) is the tournament with 
seven nodes in which an arc goes from p~ to p~ if and only if I J - -  i ] is a 
quadratic residue modulo seven, and T ~i) is a 3-cycle for i = 3, 4 ..... h -t- 2. 
(These 3-cycles have no effect on the index of Tn ; they merely extend the 
basic construction to tournaments with an arbitrary number n of  nodes, 
where n ~> 16.) It is a simple exercise to verify that these tournaments T,~ 
have index 2. 
We leave it as a problem for the reader to decide whether there exist 
tournament matrices M,~ with index 2 when n < 16. 
We remark in closing that it follows from results of  Moon and Moser 
[10] that almost all tournaments T,, i.e., all with the exception of a 
fraction that tends to zero as n tends to infinity, are primitive and have 
exponent 3. 
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